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Abstract

The development of unsteady free convective flow in a rectangular enclosure has been numerically studied. The enclosure con-

sidered has rectangular horizontal lower and upper surfaces and vertical side surfaces. The horizontal width of enclosure is twice the

vertical height and longitudinal length of the enclosure. There are two square isothermal heated sections on the lower surface, the

rest of this surface being adiabatic. The vertical side-walls of the enclosure are kept at a uniform low temperature. The horizontal

rectangular upper surface of the enclosure is either (a) adiabatic or (b) isothermal and at the same low temperature as the vertical

side-walls. The governing unsteady, three-dimensional flow equations, written in dimensionless form, have been solved using an iter-

ative, semi-implicit finite-difference method. The solution has the following parameters: the Rayleigh number, Ra, the Prandtl num-

ber, Pr, the dimensionless size, wH, of the square heated sections and the dimensionless distance between the heated sections on the

lower surface, wS. Results have been obtained for a Prandtl number of 0.7. Most of the results presented here are for wH = wS = 1/3.

The results indicate that for the flow situation considered the flow is steady at low Rayleigh numbers, becomes unsteady at inter-

mediate Rayleigh numbers and then again becomes steady at higher Rayleigh numbers The conditions under which unsteady flow

develops and the nature of the unsteady flow have been investigated and the variation of mean Nusselt number with Rayleigh num-

ber has been explored.

� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

In a number of practically important situations

involving natural convective flow in an enclosure, the

flow becomes unsteady and three-dimensional at rela-

tively low Rayleigh numbers. In order to study the

development of such unsteady flows in relatively com-

plex situations, flow in a rectangular enclosure with
two separate heated sections on the lower surface has
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been numerically studied. The enclosure considered

has rectangular horizontal lower and upper surfaces

and vertical side surfaces. There are two square, sym-

metrically placed isothermal heated sections on the

lower surface, the rest of this surface being adiabatic.

The vertical side-walls of the enclosure are kept at a uni-

form low temperature while the horizontal rectangular

upper surface is either adiabatic or isothermal and at
the same low temperature as the vertical side-walls.

The flow situation considered is therefore as shown in

Fig. 1 and the positioning of the heated sections on

the lower surface of the enclosure is as shown in Fig. 2.

In the situation considered, a steady flow exist at low

Rayleigh numbers, an unsteady flow develops at higher

Rayleigh numbers but the flow then again becomes
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Nomenclature

g gravitational acceleration

k thermal conductivity
NuH spatially averaged hot section mean Nusselt

number based on q0wm, W
0 and T 0

C � T 0
H

Nu time and spatially averaged mean Nusselt

number based on q0wm, W
0 and T 0

C � T 0
H

Num mean Nusselt number averaged over heated

sections

Pr Prandtl number

q0wm spatially averaged instantaneous heat trans-
fer rate

q0wm spatially and time averaged heat transfer rate

Ra Rayleigh number based on W 0 and on

T 0
H � T 0

C

t 0 time

t dimensionless time

T 0 temperature

T dimensionless temperature
T 0
C temperature of cold walls

T 0
H temperature of hot sections on lower surface

u 0 velocity component in x 0 direction
u dimensionless velocity component in x direc-

tion

v 0 velocity component in y 0 direction
v dimensionless velocity component in y direc-

tion
W 0 size of enclosure

w 0 velocity component in z 0 direction
w dimensionless velocity component in z direc-

tion

w0
H size of heated wall section

wH dimensionless size of heated wall section,

w0
H=W

0

w0
S distance between heated wall sections

wS dimensionless distance between heated wall

section, w0
S=W

0

x 0 horizontal coordinate

x dimensionless horizontal coordinate

y 0 horizontal coordinate

y dimensionless horizontal coordinate

z 0 vertical coordinate
z dimensionless vertical coordinate

Greeks

a thermal diffusivity

b bulk coefficient

DNu difference between maximum and minimum

values of spatially averaged Nusselt numbers

U0
x x 0 component of vector potential

U0
y y 0 component of vector potential

U0
z z 0 component of vector potential

Ux dimensionless U0
x

Uy dimensionless U0
y

Uz dimensionless U0
z

W0
x x 0 component of vector potential

W0
y y 0 component of vector potential

W0
z z 0 component of vector potential

Wx dimensionless W0
x

Wy dimensionless W0
y

Wz dimensionless W0
z

m kinematic viscosity

Fig. 1. Flow situation considered.

Fig. 2. Positioning of heated sections on lower surface of enclosure.
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steady at still higher Rayleigh numbers. The flow situa-

tion considered is an approximate model of some elec-

tronic cooling situations. However, the main aim of the

present study was basically to try to determine the condi-
tions under which the unsteady flow develops and ceases
and to examine some of the characteristics of the unsteady

flow and to determine the effect of the flow unsteadiness

on the mean heat transfer rate from the heated surfaces.

The flow situation being considered here, involving as

it does a heated horizontal upward facing surfaces, is re-

lated to Rayleigh-Bénard convection. There have been a

very large number of studies of Rayleigh-Bénard convec-

tion over, approximately, the past one hundred years,
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reviews of some of these studies being given by Chandra-

sekhar (1981), Koschmieder (1993), Muller (1982), Trit-

ton (1977) and Turner (1979). A large number of flow

patterns, both two-dimensional and three-dimensional,

are possible in Rayleigh-Bénard convection as discussed,

for example, by Catton (1972), Davis (1967), Farhadieh
and Tankin (1974) and Linthorst et al. (1981).

While classical Rayleigh-Bénard convection occurs

between infinite parallel surfaces, the bottom being a

high temperature and the top at a low temperature, sim-

ilar flows occur in an enclosure with a heated lower sur-

face and a cooled upper surface, e.g., see (Aziz and

Hellums, 1967; Arroyo and Savirón, 1992; Catton,

1970, 1988; Gelfgat, 1999; Gollub and Benson, 1980;
Heitz and Westwater, 1971; Hernández and Frederick,

1994; Huerta and Fernández-Mendez, 2001; Kirchartz

and Oertel, 1988; Kolodner et al., 1986; Krishnamurti,

1981; Leong et al., 1998, 1999; Maveety, 1997; Mukut-

moni and Yang, 1992; Oosthuizen, 1999, 2000,

2001a,b,c; Oosthuizen and Paul, 1998; Ozoe et al.,

1976; Pallarès et al., 2001; Stellar et al., 1993; Stork

and Muller, 1972; Tang and Tsang, 1997; Yang, 1988).
When the lower surface is only partly heated complex

flows related to those that occur in Rayleigh-Bénard

convection also arise, e.g., see (Oosthuizen, 2002, 2003;

Oosthuizen and Paul, 2002, 2003a,b,c; Sezai and Moha-

mad, 2000). In the situation being considered here where

there are two separate heated sections on the lower sur-

face there is the potential for complex flows resulting

from the Rayleigh-Bénard type situation and due to
the interaction of the flows rising from the separate

heated sections on the lower surface.
2. Solution procedure

It has been assumed that the fluid properties are con-

stant except for the density change with temperature
which gives rise to the buoyancy forces, this having been

treated by using the Boussinesq approach. The solution

has been obtained by numerically solving the unsteady

form of the governing equations.

The solution has been obtained in terms of the vortic-

ity vector and vector potential functions which are de-

fined by

u0 ¼ oW0
z

oy0
�
oW0

y

oz0
; v0 ¼ oW0

x

oz0
� oW0

z

ox0
; w0 ¼

oW0
y

ox0
� oW0

x

oy0

ð1Þ

U0
x ¼

ow0

oy 0
� ov0

oz0
; U0

y ¼
ou0

oz0
� ow0

ox0
; U0

z ¼
ov0

ox0
� ou0

oy0

ð2Þ

The coordinate system being used is shown in Fig. 1.

The following dimensionless variables have been

introduced:
Ux ¼ U0
x=a; Uy ¼ U0

y=a; Uz ¼ U0
z=a;

Wx ¼ W0
xW

02=a; Wy ¼ W0
yW

02=a; Wz ¼ W0
zW

02=a;

u ¼ u0W 0=a; v ¼ v0W 0=a; w ¼ w0W 0=a;

T ¼ ðT 0 � T 0
CÞ=ðT 0

H � T 0
CÞ; t ¼ t0m=W 02

ð3Þ

In terms of these dimensionless variables the governing

equations are:

Ux ¼ � o
2Wx

ox2
þ o

2Wx

oy2
þ o

2Wx

oz2

� �
ð4Þ

Uy ¼ � o2Wy

ox2
þ o2Wy

oy2
þ o2Wy

oz2

� �
ð5Þ

Uz ¼ � o2Wz

ox2
þ o2Wz

oy2
þ o2Wz

oz2

� �
ð6Þ

Pr
oUx

ot
þ ovUx

oy
þ ovUx

oz
� ouUy

oy
� ouUz

oz

¼ Pr
o
2Ux

ox2
þ o

2Ux

oy2
þ o

2Ux

oz2

� �
þ RaPr

oT
oy

ð7Þ

Pr
oUy

ot
þ ouUy

ox
þ owUy

oz
� ovUx

ox
� ovUz

oz

¼ Pr
o2Uy

ox2
þ o2Uy

oy2
þ o2Uy

oz2

� �
þ RaPr

oT
ox

ð8Þ

Pr
oUz

ot
þ ouUz

ox
þ ovUz

oy
� owUx

ox
� owUy

oy

¼ Pr
o
2Uz

ox2
þ o

2Uz

oy2
þ o

2Uz

oz2

� �
ð9Þ

Pr
oT
ot

þ ouT
ox

þ ovT
oy

þ owT
oz

¼ o2T
ox2

þ o2T
oy2

þ o2T
oz2

� �
ð10Þ

u ¼ oWz

oy
� oWy

oz
; v ¼ oWx

oz
� oWz

ox
; w ¼ oWy

ox
� oWx

oy

ð11Þ

Here, Ra is the Rayleigh number given by

Ra ¼ bgðT 0
H � T 0

CÞW 03

ma
ð12Þ

The dimensionless velocity components u, v and w could

have been eliminated between these equations. They

have, however, been retained for numerical convenience.

The boundary conditions on these equations are that

all velocity components are zero on all solid walls, that
the dimensionless temperature is 1 on the heated portion

of the lower horizontal surface, that the temperature

gradients normal to all the remaining unheated portions

of the lower surface are zero, that the dimensionless tem-

perature is 0 on the vertical side surfaces, and on the

horizontal upper surface either the temperature gradi-

ents normal to the wall surface are zero (adiabatic sur-

face) or the dimensionless temperature is 0 (isothermal
surface).

The dimensionless equations discussed above were

solved using an iterative, semi-implicit finite-difference



Fig. 4. Vertical centre-plane on which temperature distribution is

shown.
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method. The initial conditions were assumed to be that

the velocity is everywhere zero and that the dimension-

less temperature is everywhere equal 0.5. The solution

was continued in dimensionless time until the time-aver-

aged values of the flow variables ceased to change with

time. Extensive grid- and time-step independence testing
was undertaken involving changing the number of grid

points in stages by 75% and the dimensionless time step

in stages by 100%. In higher Rayleigh number cases

where unsteady flow did not develop, the maximum

dimensionless time to which the solution was continued

was increased by up 100% to ensure that unsteady flow

did not in fact occur at larger dimensionless times.

The solution for the temperature distribution allows
the local dimensionless heat transfer rates over the

heated and cooled surfaces to be determined. This distri-

bution can then be spatially integrated over the surface

at a given time to give the instantaneous spatially aver-

aged dimensionless heat transfer rate, which is expressed

in the form of a spatially averaged instantaneous Nus-

selt number:

Nu ¼ q0wmW
0

kðT 0
H � T 0

CÞ
ð13Þ

q0wm being the spatially averaged instantaneous heat

transfer rate. These spatially averaged values of the
Fig. 3. Variation of spatially averaged Nusselt number for hot surfaces with

(top right), 1.5 · 105 (bottom left) and 3.5 · 105 (bottom right) for adiabatic
dimensionless heat transfer rate can then be integrated

in time to give the time and spatially averaged mean heat

transfer rate, this being expressed in terms of the time

and spatially averaged mean Nusselt number

Nu ¼ q0wmW
0

kðT 0
H � T 0

CÞ
ð14Þ

q0wm being the spatially and time averaged heat transfer

rate.
dimensionless time for Rayleigh numbers of 3 · 104 (top left), 5 · 104

upper surface case for wH = 1/3 and wS = 1/3.



Fig. 5. Typical instantaneous dimensionless temperature variations over the vertical centre-plane of the enclosure for Rayleigh numbers of 104 (top

left), 5 · 104 (top right), 8 · 104 (bottom left) and 2.35 · 105 (bottom right) for adiabatic upper surface case.
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3. Results

The solution has the following parameters:

1. the Rayleigh number, Ra,

2. the Prandtl number, Pr,

3. the dimensionless size, wH, of the square heated

sections,

4. the dimensionless distance between the heated sec-

tions on the lower surface, wS

5. the boundary condition on the upper surface, i.e.,

either adiabatic or isothermal.

Because of the applications that originally motivated

this work (electronic cooling), results have only been ob-
Fig. 6. Variation of mean Nusselt number with Ra for wH = 1/3 and

wS = 1/3 for adiabatic upper surface case.
tained for a Prandtl number of 0.7. Results for a wH

value of 1/3 will be presented here, results obtained with
other values of wH showing the same basic characteris-

tics as those presented here. Most of the results pre-

sented will be for a wS value of 1/3, results for other

values of wS up to 1 displaying the same basic character-

istics as those given here.

Results for the case where the horizontal upper sur-

face of the enclosure is adiabatic will first be considered

and results for a wS value of 1/3 and a wH value of 1/3
will first be discussed. As previously mentioned, a steady

flow exists at low Rayleigh numbers but the flow be-

comes unsteady when the Rayleigh number exceeds a

critical value. However the flow then again becomes
Fig. 7. Variation of Nusselt number difference with Ra for wH = 1/3

and wS = 1/3 for adiabatic upper surface case.



Fig. 8. Instantaneous dimensionless temperature variations over the vertical centre-plane of the enclosure for Rayleigh numbers of 6 · 104 (top left),

1.5 · 105 (top right), 2.4 · 105 (bottom left) and 2.75 · 105 (bottom right) for adiabatic upper surface case.

Fig. 9. Variation of mean Nusselt number with wS for wH = 1/3 and

Ra = 105 for adiabatic upper surface case.
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steady at higher Rayleigh numbers. The change from

steady to unsteady flow and then back to steady flow

can be illustrated by considering the variation of the

instantaneous spatially averaged Nusselt number for

the hot surface, Nu, with dimensionless time for various

values of Ra. Typical such variations are shown in Fig.

3. The flow will be seen to change from steady to peri-
odic and then to more complex flows and then back to

steady as the Rayleigh number is increased. The reasons

for the observed unsteady behavior can be partly de-

duced by considering the instantaneous isotherm pat-

terns on the vertical centre-plane (i.e. on the x–z plane

at y = 0.5 see Fig. 4) at various Rayleigh numbers. Typ-

ical such patterns are shown in Fig. 5. It will be seen that

at low Rayleigh numbers the ‘‘plumes’’ rising from each
heated section merge very near the lower surface and

rise from this surface essentially as single ‘‘plume’’ (the

term ‘‘plume’’ is used here to indicate the strong convec-

tive flow rising from the heated surfaces, this flow of

course turning near the top surface and then descending

along the cooled vertical walls of the enclosure). How-

ever at higher Rayleigh numbers the ‘‘plumes’’ above

each surface interact but do not truly merge, the interac-
tion leading to the observed unsteady flow. At still higher

Rayleigh numbers, the ‘‘plumes’’ remain essentially

independent of each other and the flow again becomes

steady. Of course at even higher Rayleigh numbers insta-

bility will develop in each individual ‘‘plume’’ and the

flow will again become unsteady.

The variation of the time and spatially averaged

mean Nusselt numbers averaged for the two heated wall
sections with Rayleigh number is shown in Fig. 6. It will

be seen that there are no sharp jumps in the variation

that could result from the development of unsteady flow

and from the sharp changes that occur in the unsteady

flow pattern.
The variation of the average (for the two heated sur-

faces) difference between the maximum and minimum

values of the instantaneous spatially averaged Nusselt

numbers with Rayleigh number is shown in Fig. 7. This

average Nusselt number difference is defined by

DNu ¼ 1

2
Numax � Numinð Þ1 þ Numax � Numinð Þ2

� �

the numbers 1 and 2 referring to the values for the two

heated sections.

It will be seen from Fig. 7 that unsteady flow starts at

a Rayleigh number of approximately 4.5 · 104 and that

steady flow again occurs when the Rayleigh number ex-

ceeds a value of approximately 2.7 · 105. It will also be

seen that there are sharp jumps in the variation. This
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arises because of sharp changes in the unsteady flow pat-

tern. These changes are illustrated by the centre-plane

(see Fig. 4) isotherm patterns shown in Fig. 8. These iso-

therm patterns are for Rayleigh numbers near the mid-

dle of each of three curves segments shown in Fig. 7

and for a Rayleigh number above that at which the flow
again becomes steady. At the lowest Rayleigh number

considered in Fig. 8, the flow basically involves hot

gas bursts rising alternatively from each heated section.

At the second Rayleigh number considered, heated

plumes rise alternatively from each of the heated sec-

tions. At the third Rayleigh number considered, heated

plumes rise continuously from each heated section, these

plumes interacting near the upper surface leading to the
observed unsteady flow. At the highest Rayleigh number

considered, heated plumes again rise continuously from

each heated section, these plumes, while converging to

some extent as a result of the induced inflow associated

with the rising plumes, do not interact before reaching

the upper surface and no unsteadiness develops in the

flow field. The largest values of DNu occur in the middle

range of Rayleigh numbers considered.
The effect of the dimensionless distance, wS, between

the two heated sections will lastly be considered. The ef-

fect of this dimensionless distance on the time and spa-
Fig. 10. Variation of spatially averaged Nusselt number for hot surfaces w

(second from top), 1.5 · 105 (third from top) and 2.5 · 105 (bottom) for isot
tially averaged mean Nusselt number averaged for the

two heated wall sections at a fixed Rayleigh number is

shown in Fig. 9. It will be seen from Fig. 9 that the mean

Nusselt number is essentially independent of wS for wS

values above 0.3. For smaller values of wS, the strong

interaction between the flows from the two heated sec-
tions leads to a reduction in the heat transfer rate. Of

course, for wS values much larger than those considered

here, the heat transfer rate becomes more strongly af-

fected by the presence of the vertical walls of the

enclosure.

The results discussed above were all for the case

where the upper horizontal surface of the enclosure is

adiabatic. Attention will next be turned to the case
where this upper horizontal surface is isothermal, the

dimensionless temperature on this surface being given

by T = 0, the same value as exists on the vertical side-

walls of the enclosure. Results will only be presented

here for the case where wH = wS = 1/3, results for other

values of these parameters having the same basic form

as those given here.

The results obtained for the isothermal upper surface
case indicate that, as was the case when the upper sur-

face was adiabatic, the flow in the enclosure is steady

at the lower Rayleigh numbers but that when the
ith dimensionless time for Rayleigh numbers of 3 · 104 (top), 5 · 104

hermal upper surface case for wH = 1/3 and wS = 1/3.



Fig. 11. Typical instantaneous dimensionless temperature variations over the vertical centre-plane of the enclosure for Rayleigh numbers of 2 · 104

(top), 105 (second from top), 2 · 105 (third from top) and 2.5 · 105 (bottom) for isothermal upper surface case for wH = 1/3 and wS = 1/3.

Fig. 12. Variation of mean Nusselt number with wS for wH = 1/3 and

Ra = 105 for isothermal upper surface case.
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Rayleigh number exceeds a critical value the flow be-

comes unsteady, the flow then again becomes steady at

higher Rayleigh numbers. This development of the un-

steady flow is illustrated by the results given in Fig. 10
which show the typical variations of the instantaneous

spatially averaged Nusselt numbers with dimensionless

time for various Rayleigh number values. As with the

adiabatic upper surface case, at the lowest Rayleigh

number considered the flow varies in a relatively simple

manner with time but at highest Rayleigh numbers con-

sidered the flow varies in a complex multi-periodic man-

ner with time. Over a narrow range of Rayleigh numbers
just above that at which the unsteady flow first occurs,

the Nusselt number varies in a simple periodic manner

with time, this being illustrated by the results given

in Fig. 10.

As discussed for the adiabatic upper surface case, an

idea of the nature of the flow in the enclosure can be

gained by considering the instantaneous temperature

distribution at a particular instant of time on the vertical
centre-plane of the enclosure, this plane being shown in

Fig. 4. Typical instantaneous centre-plane distributions

for various Rayleigh numbers are shown in Fig. 11.

The variation of the time and spatially averaged

mean Nusselt number averaged for the two heated wall

sections with Rayleigh number for the isothermal upper

surface case is shown in Fig. 12. A comparison of the re-

sults given in Fig. 12 for the isothermal upper wall case
with those given in Fig. 6 for the adiabatic upper wall

case shows that the biggest difference between the results

for the two cases exists at the lower Rayleigh numbers.

In the isothermal upper wall case the Nusselt number

stays essentially at its conduction value up to a Rayleigh

number of approximately 104 before it rises sharply to a

value that is close to that which exits in the adiabatic
upper surface case. The presence of the cold isothermal

upper surface therefore tends to suppress the develop-

ment of the convective motion in the enclosure at lower

Rayleigh numbers. Another difference between the two
sets of results is that the unsteady flow starts at a Ray-

leigh number of approximately 4.5 · 104 and ends at a

Rayleigh number of approximately 2.7 · 105 in the adi-

abatic upper wall case whereas it starts at a value of

approximately 2.6 · 104 and ends at a value of approxi-

mately 3 · 105 in the isothermal upper surface case.

However, while the values for the two cases are different,

the differences will be seen to be relatively small.
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4. Conclusions

The results of the present study indicate that:

1. For the flow situation considered here the flow is

steady at low Rayleigh numbers, becomes unsteady
at intermediate Rayleigh numbers and then again

becomes steady at higher Rayleigh numbers. The

unsteadiness that develops results from the interac-

tion of the flows rising from each of the heated

sections.

2. Sharp changes in the nature of the unsteady flow pat-

tern occur with changes in Rayleigh number.

3. Despite the sharp changes in the flow pattern that
occur with changes in Rayleigh number in the

unsteady flow region, the variation of the mean Nus-

selt number with Rayleigh number is essentially

smooth.

4. The upper surface thermal boundary condition (adia-

batic or isothermal) does not have a strong effect on

the basic characteristics of the enclosure flow.

5. When considering the mean Nusselt number varia-
tion with Rayleigh number, the largest effect of the

upper surface boundary condition occurs at relatively

low Rayleigh numbers.
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